Self-testing refers to a device-independent way to uniquely identify an unknown quantum device based only on the observed statistics. Earlier results on self-testing of multipartite state were restricted either to Dicke states or Graph states. In this paper, we propose self-testing schemes for a large family of symmetric three-qubit states, namely the superposition of W state and GHZ state. We first propose and analytically prove a self-testing criterion for the special symmetric state with equal coefficients of the canonical bases, by designing subsystem self-testing of partially and maximally entangled state simultaneously. Then we demonstrate for the general case, the states can be self-tested numerically by the swap method combining semidefinite programming (SDP) in high precision.
initial state for Grover's algorithm [5] . In addition, restricting analysis to symmetric states can greatly reduce the difficulty of calculations. In this work, we investigate one of verification tasks for symmetric states, namely certification of entangled state.
A canonical way to approach the problem of certification of quantum states is to exploit tomographic scenario [6] . By repeating the experiment, expectation values of an informationally complete set of measurements allow us to reconstruct the density operator that describes the quantum state. However, such procedure requires a large number of fully characterized measurements that scales exponentially with the dimension of the quantum state.
An alternative technique which could positively address these problems is self-testing. It is a concept of device independence whose conclusion verdict relies only on the observed statistics of measurement outcomes under the sole assumptions of no-signaling and the validity of quantum theory [7] . Device-independent (DI) methods are very important in practical quantum communications, it enables us to assess the performance of quantum devices even in untrusted or malfunctional device scenarios. Great progress has been made in the fields of quantum information under untrusted devices, such as DI-quantum key distribution [8] , [9] , measurementdevice-independent(MDI)-quantum key distribution [10] , [11] and randomness generation [12] . Consider two players, Alice and Bob, each has a device. Both devices are given classical input (x and y, respectively) which corresponds to the application of measurements inside the devices, and classical output (a and b). The devices are physical isolated so that sending signals from one to the other is not possible. The central question is: given observed correlational probabilities p (a, b|x, y) , what can be inferred about the underlying state? Self-testing refers to determining the state completely in such cases.
The idea of self-testing quantum states can be traced back to 1990s, Popescu and Rohrlich et al. pointed out the maximal violation of the CHSH Bell inequality [13] identifies uniquely the maximally entangled state of two qubits and the corresponding measurements [14] . However, it was not widely known until the works of Mayers and Yao [15] , which self-tests the same state with more measurements. Since then self-testing has received substantial attention: self-testing for partially entangled pairs of qubits were presented in [16] , [17] , while its extension to high dimension partially entangled states was given in [18] . Furthermore, all the criteria for self-testing the maximally entangled pair of qubits were reported in refs [19] , [20] , where the authors proved a condition for a given binary XOR game to be a robust self-test. The robustness analysis to small deviations from the idea case for self-testing 0733-8716 © 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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these quantum states and measurements were presented in [21] [22] [23] [24] [25] [26] , which made self-testing more practical.
Beyond these works focusing on the bipartite scenario, self-testing of multipartite states have recently been studied, such as self-testing of Graph states [27] , Dicke states [28] , partially entangled GHZ states [28] . Inspired by self-testing all entangled states in bipartite scenario, one may ask whether all the entanglement states can be self-tested in multipartite scenario? However, the multipartite entanglement is more complicated than bipartite scenario, especially for partially entangled states. The most celebrated example is the case of three-qubit states [29] , [30] , we consider the particular case of the sates which are equivalent under local unitary transformations to states of the form [31] ,
where a, b, c, d, e are normalized coefficients. The two well known inequivalent classes of tripartite genuine entangled states, namely, W states [32] and Greenberger-Horne-Zeilinger (GHZ) states [33] correspond to 1 √ 3 (|001 + |010 + |100) and 1 √ 2 (|000+|111) respectively. It is obvious that entangled three-qubit states are not only these two kinds of entangled states. One can set any value of the coefficients to define entangled states. However, what we are interested in is the symmetric entangled states, due to its significant application. We noticed that the symmetric entangled three-qubits states are of the form cos θ |W + sin θ |GHZ under permutations of party labels. The aim of this paper is to investigate the self-testing of these states. So far only special case has been studied, i.e., self-testing of W state [34] and GHZ state [22] .
Here we prove analytically the self-testing of a specific symmetric state through projections onto two systems and showed that general cases can be self-tested using fixed Pauli measurements combining the swap method and semidefinite programming (SDP). The paper is structured as following. In Section II, we give a review of the two-qubit self-testing, including the whole set of criteria for ideal self-testing of maximally entangled state and self-testing of pure two-qubit states using tilted CHSH inequality. In Section III, we prove that a symmetric three-qubit state can be self-tested through projections onto two systems, and we show robust self-testing of a more general class of states which is a superposition of W and GHZ states by the swap method and SDP.
II. PRELIMINARIES
Let us consider a Bell-type experiment involving two noncommunicating parties. Each has access to a black box with inputs denoted respectively by x, y ∈ {0, 1, . . . , M − 1} and outputs a, b ∈ {0, 1, . . . , m − 1}. Assuming the validity of quantum mechanics, one could model these boxes with an underlying state |ψ AB and measurement projectors {M a
x } x,a and M b y y,b , which commute for different parties. The state can be taken pure and the measurements can be taken projective without loss of generality, because the dimension of the Hilbert space is not fixed and the possible purification and auxiliary systems can be given to any of the parties. After sufficiently many repetitions of the experiment one can estimate the joint conditional statistics, also known as 
Each unit acts on the corresponding particle of the |ψ and one ancillary qubit prepared in the state |0 . The isometry is a virtual protocol, all that must be done in laboratory is to query the boxes and derive p(a, b|x, y). the behavior, p(a, b|x, y) = ψ| M a x M b y |ψ. Now, we can formally define self-testing in the following way.
Definition 1 (Self-Testing): We say that the correlations p(a, b|x, y) allow for self-testing if for every quantum behavior
is the trusted auxiliary qubits attached by Alice and Bob locally into their systems [35] .
Taking the self-testing of two-qubit entangled state |ψ AB = 1 √ 2 (|00 + |11) as an example, the most used isometry construction is given in Fig.1 .
Operators Z and X for each party are given explicitly in terms of the measurements in the experiments A x and B y , for x, y ∈ {0, 1}. This construction is inspired from the ideal case. If the state |ψ is indeed two-qubit and the operators are Z = σ z , X = σ x , the swap operations could extract the state |ψ into ancilla system. However, in the device-independent framework, we can not assume the dimension of the inner state or any form of the operators. Hence it is crucial to find which kind of statistical correlations can ensure that with proper construction of Z and X based on A x and B y , such that one can swap out the desired states and measurements, as shown in definition.0.1. The results from either maximal CHSH violation or Mayers-Yao criterion [7] , [21] , [26] show that if operators Z and X each party constructed with experiment measurements are unitary and satisfy
using the knowledge of p(a, b|x, y), then the unknown state is equivalent to the singlet state (up to a local isometry). This implies that operators Z and X act in an analogous way to σ z and σ x on |ψ. Hence, the isometry using Z and X in the place of σ z and σ x is useful to extract the essential information on the physical state into auxiliary systems with the same dimension as the target state. Let us review some previous results on the self-testing of two-qubit state which are used as building blocks of our work.
A. All the Self-Testings of the Singlet for Two Binary Measurements
In the ref. [20] , Wang et al. proposed the whole set of criteria for the ideal self-testing of singlet. Consider four unknown operators A x and B y for x, y ∈ {1, 2} with binary outcomes labelled ±1 and satisfy
where α xy is the angle between the two vectors A x |ψ and B y |ψ. The observed correlations E xy self-test the singlet if and only if they satisfy one of the conditions
with
The eight equations in (4) are equivalent in the sense that each one can be transformed into the other by relabelling the measurements and outcomes. Without loss of generality, consider the case of i = 1, j = 2 and ξ = +1, that is α 11 
These self-testing criteria for the singlet state are proved to be equivalent to a binary nonlocal XOR game defined by the figure of merit 22 and the coefficients f xy are constructed by
B. Self-Testing of Pure Partially Entangled Two-Qubit State
It has been shown that any pure two-qubit state in their Schmidt form
can be self-tested by observing the maximum violation of the tilted CHSH inequality [16] , [17] , [24] 
where α satisfies sin 2θ = 4−α 2 4+α 2 . A x and B y are the unknown measurements for Alice and Bob, respectively. The maximal quantum violation of this inequality is given by
achievable with the measurement settings
where tan μ = sin 2θ.
III. SELF-TESTING OF SYMMETRIC THREE-QUBIT STATES
The work in [29] , [30] gave a generalization of the Schmidt decomposition for three-qubit pure states and proved that for any pure three-qubit state the existence of local bases. This allows one to build a set of five orthogonal product states in terms of which can be written in a unique form. The local bases product states can be given as three unequivalent sets
whereas the first set is symmetric under permutation of parties, the other two are not. In this paper, we consider the self-testing of symmetric three-qubit states based on the first set of (9).
A. Self-Testing of a Symmetric Three-Qubit State
The specific case we consider is the state with equal coefficient of the bases, reads as:
The basic idea of self testing this state is to project the state onto two kinds of subsystem entangled states by one party's measurement σ z . More precisely, after measuring one party in the σ z basis, the remaining two parties can achieve the maximal violation of tailored Bell inequalities simultaneously using the same measurement settings conditioned on the outcome being either "0" or "1".
If partition the three parties into A|BC, we have
Denote
Using Schmidt decomposition, the state |ϕ 0 can be written as
here cos β = 3+
1} are the new bases for A and B respectively (see the detail in Appendix). Following the results given in sec II-B, this state can be self-tested by violating the tilted CHSH inequality maximally
with α = 2 1−sin 2 2β 1+sin 2 2β . The optimal measurements are set according to (8) with tan μ = 2 3 . At the same time, the singlet state is invariant under the same bases transformation
With the same bases and optimal measurements settings with |ϕ 0 , the observed statistics of |ϕ 1 would satisfy α 11 +α 21 = α 12 − α 22 where α 11 = μ, α 12 = −μ, α 21 = π 2 − μ and α 22 = − π 2 − μ. So, |ϕ 1 can be self-tested by winning the binary nonlocal XOR game [20] :
and the coefficients f xy are constructed as (5) . Hence, the states |ϕ 0 and |ϕ 1 conditioned on the outcome "0" and "1" after the measurement in the σ z basis of A violates the tilted CHSH inequality and XOR game maximally using the same measurements respectively. This also holds when the first measured party is C. The following result sums it up.
Result 1: Alice, Bob, and Charlie, spatially separated, each performs three measurements denoted as {A i , B j , C k } (i, j, k ∈ {0, 1, 2}) with binary outcomes on an unknown shared quantum state. The target state |ψ is self-tested if the following statistics are observed:
for (x, y, T ) = {(A, B, C), (B, C, A)}, and
where P 0 = 1+Z 2 and P 1 = 1−Z 2 are projectors for the Z measurement, α = 2 5 13 , tan μ = 2 3 , cos ω = 1 √ 5 and sin ω = 2 √ 5 . Proof: We start from observation (15) which implies that
Therefore P a A P b B P c C |ψ = 0 for other three projectors. For convenience, define the operators for each party as
Following the self-testing of nonmaximally entangled qubits in ref. [17] , the maximal violation of the tilted Bell inequality (20a) implies
From (24a) and (24c), we get
On the other hand, the following equation holds with (24a),
Multiply operator (1 + Z B ) on both sides of (26), then
holds with (24a), (24c) and (25b), i.e.
Observation (16a) implies
Combine the relation (24a) from the tilted Bell inequality, we have
Then Z A |ψ in the subspace of projector P 0 C can be written as
by equations (16b) and (30) . So, one can define the vector X A |ψ orthogonal to Z A |ψ as
Since operators Z A and X A are hermitian, unitary and anti-commutation in the subspace of P 0 C by (24a) and (24b), we get the anti-commutation relation
Following the self-testing of maximal entangled qubits from observation [20] , the maximal violation of the XOR game (21) implies
and the anti-commutation relations
Combine the first relation in (34), we have
Then Z A |ψ and its orthogonal vector in the subspace of projector P 1 C can be written as (16b) and (37) . Moreover, we can obtain the following equations
and anti-commutation relations
for parties A and B in the subspace of P 1 C . After doing some similar manipulations for parties B and C, we can obtain the relations among Z B(C) |ψ, X B(C) |ψ and Z B(C) |ψ and X B(C) |ψ in the subspaces of the projectors P 0 C (P 0 A ) and P 1
Then the anti-commutation relations
hold in corresponding subspaces. At last, observations (19a) and (19b) imply that
It remains to prove the existence of the isometry mapping the unknown state |ψ to the target state |ψ. The isometry Φ that we use is given as Fig.2 . More precisely, Z and X for each party are constructed by the unknown operators: The output after the isometry can be written as
The second term in (45) is equal to P 0 A P 0 B P 0 C X C |ψ using (42). Then it can be replaced by P 0 A P 0 B P 0 C |ψ using (43a). The third and forth terms are similar.
For the fifth term in (45), one moves X A and X B to the right side using (40) such that equal to X C P 1
Then replace X B with X A by (41) and this line becomes
After moving X C to the right using (42), this term turns to be P 0 A P 0 B P 0 C |ψ by (43a). Remind that the last three terms in (45) are equal to zeros. Therefore, all these properties of the operators deduced from the measurement help to reduce the general output (45) to
. This state can be normalized into the form of |junk ABC ⊗ |ψ A B C , here |junk = √ 5P 0 A P 0 B P 0 C |ψ. Thus, we have proven that, these requirements (15)-(21) on the measurements indeed self-test the unknown state as target state (10) .
Furthermore, we also consider the robustness for each observation in (15)-(21) has a deviation at most equal to around the perfect value. The robust bound is given in the next section (see Fig. 3 ).
B. Robust Self-Testing of More General Pure Three-Qubit States
In sec.III-A, we investigated an analytical self-testing of a special three-party symmetric state, which is not equivalent to W or GHZ states up to local isometry. Here we generalize the self-testing of three-qubit states to more general case using swap method and SDP [36] . The target state we consider is given as
is a parameter. Result 2: Alice and Bob each party performs two dichotomic measurements, Charlie performs three measurements with binary outcomes on an unknown shared quantum state. The state |ψ(θ) can be self-tested using the full statistics for θ ∈ [0, π 2 ]. Moreover, the self-testing is robust. We consider the scenario that Alice and Bob each performs two dichotomic measurements Z and X with binary outcomes as ±1, while Charlie performs three dichotomic measurements denoted as Z, X, and D with binary outcomes. Suppose that the observed behavior exhibits the following two groups of full-body statistics
up to permutations of Alice, Bob and Charlie, (i.e. i, j, z ∈ {A, B, C}, i = j = z) and
(48) up to permutations of Alice and Bob (i.e. i, j ∈ {A, B}, i = j).
These are the statistics that one would obtain from the state |ψ(θ), θ ∈ [0, π 2 ] if Z = σ z , X = σ x and D = σx+σz √ 2 . In the symmetric three-qubit case, we consider the same isometry as sec.III-A as shown in Fig. 2 . It has known that operators Z and X for each party act in an analogous way to σ z and σ x on |ψ in the ideal case. Hence, the swap operator can be written as the concatenation of three controlled-NOT (CNOT) gates with alternate controls S AA = W AA V AA W AA and
and the same for S BB and S CC . After this isometry, the trusted auxiliary systems will be left in the state
where
and
l,k and M C t,s are analogous. Looking into these single terms, we find ρ swap to be a 8 × 8 matrix whose entries are linear combinations of expectation values such as X A , X A Z A , X A Z B , X A Z B X C , etc. Finally, we shall be able to express the fidelity
Here f is a linear function of two types of operator expectations: some observed behavior and some non-observable correlations which involve different measurements on the same party, such as ψ| M a x M a x |ψ with x = x which are left as variables.
To get a lower bound on the fidelity, one needs to minimize the fidelity running over all the states and measurements satisfying observed statistics. Optimizations over the set of quantum momenta are computationally hard, specially for the underlying Hilbert space dimension is unknown. To resolve this technical difficulty, here we employ the numerical tool named Navascués-Pironio-Acín (NPA) hierarchy which was introduced in refs. [24] , [25] , [36] to bound fidelity. This problem can be relaxed as an optimization over the set Q l , and Q l is the set of product of A x and B y and defined as outer approximations of the quantum set [36] (the level of the hierarchy l is the number of measurements in the product). Then define a matrix Γ so-called NPA moment matrix whose rows and columns are numbered by products belonging to Q l , i.e.Γ ij = ψ| Q i l † Q j l |ψ. It has provided that the observed behaviors belong to quantum set implying the matrix Γ is positive semidefinite [36] . Thus we can tackle the optimization problem by minimizing the corresponding elements of the matrix Γ under linear constraints on Γ ≥ 0: 
where Γ is a 74 × 74 moment matrix of quantum local level one Q 1 = {I, Z A , X A }⊗{I, Z B , X B }⊗{I, Z C , X C , D C } and augmented by necessary terms to express the fidelity. It can be formulated as a semidefinite program (SDP), a type of convex optimization for which there exist efficient numerical solvers to find global minima and which also return the error bounds on the optimal guess. For any θ ∈ [0, π 2 ], the SDP returns f > 99.96% (Fig.3 ). We believe that the deviation from 1 is due to the limitation of the SDP relaxation. Interesting as the above result is in itself, it relies on observing the measurement statistics in (47) and (48) exactly, which is not possible due to inevitable experimental imperfections. To investigate the robustness of self-testing induced by these statistics, we shall consider mixing ideal statistics with white noise, that is by multiplying each expectation in (47) and (48) by (1 − ) and represents the deviation of the observed behavior from the ideal values. As examples, we plot four special values for θ = {0, π 4 , π 2 , arccos 3 5 } which correspond to |W , |W +|GHZ √ 2 , |GHZ and the target state (10) investigated in sec.III-A respectively, see Fig.4 .
Notice that, for the state (10), we have given another criterion in sec.III-A which can be proved analytically in ideal case. The robustness of it can also be obtained by SDP. As shown as sec.III-A, set Z A = A 0 , Z B = B 0 and Z C = C 0 , and we would rather need σ x for each party, which in the ideal case should have the forms of (44). However, written with the unknown measurement operators, this expression may not define a unitary operator. A method called "localizing matrix" has been presented to circumvent this obstacle [20] , [24] : one defines a fourth dichotomic operator X i for i ∈ {A, B, C} such that X A (sin ωA 1 − cos ωA 2 ) ≥ 0,
Since these inequations are not SDP constraints, one relaxes each inequation to the positivety of a localizing matrix.
To get a tight bound of the fidelity for each observation in (15)-(21) with a deviation from the perfect value, we add a localizing matrix for σ z on each party. Then run the SDP with 163 × 163 NPA matrix and augmented by six localizing matrices (two per party). The result is shown in Fig.4 . The two robust bounds of the state (10) in Fig.4 are different. On the one hand, parties A and B each holds two measurements in sec.III-B, but they perform three measurements in sec.III-A which may obtain more information about the target state. On the other hand, the higher dimension of NPA matrix choose, the tighter is the bound [34] . To construct the swap circuit numerical for the method in sec.III-A, we invoke the forth measurement and add two localizing matrices for each party. This leads the size of the NPA matrix is 163 × 163 and it is obviously larger than 74 × 74 used in sec.III-B.
Here we use the SDP method to investigate the robustness and the bounds are robust against the inevitable experimental errors. Note that, due to the symmetry present in the target states and measurements we considered, it would be useful to incorporate symmetric properties into the NPA matrix to improve the accuracy of the SDP method [37] . Besides the numerical method, one can consider analytic approaches to robustness self-testing protocols. A common analytic approach is based on the vector norm inequalities [21] , [34] , which aims to guarantee an approximate norm distance between the underlying state and target state less than some small amount. The noise can be tolerated by this technique is extremely small. Another analytic approach was introduced in refs. [22] , [23] which uses complete positive trace preserving(CPTP) maps to construct an extraction operator inequality. This method allows one to make linear robust self-testing statements based on a Bell inequality violation. It is not available for self-testing of the states like Hardy point and the statistics shown, unless the Bell inequality can be constructed.
IV. CONCLUSION
We proposed self-testing schemes for a large family of symmetric three-qubit states. The target states we mainly focused on is the superposition of W state and GHZ state due to the simple form and their wide applications in quantum information tasks. We provided two different approaches applying to these states.
For the special case where the state has equal coefficients of the canonical basis, our approach is constructed by combining bipartite self-testing schemes. Through projecting the state onto two kinds of subsystem entangled states by one party's measurement σ z , the remaining parties can reach the self-testing criteria for these bipartite entangled states simultaneously using the same measurements settings. The bound is robust against the inevitable experimental errors. Our work could potentially be generalized to high dimension scenario. It has known that arbitrary dimension pure bipartite states [18] can be self-tested by using the fact that tilted-CHSH inequality self tests partially entangled two-qubit state as building block. If one could find criteria to self test two unequivalent partially entangled two-qubit states using the same measurements settings, our work is feasible to be generalized to high dimension state with regular Schmidt decomposition.
For the general case, we demonstrated that these states can be self-tested using fixed measurements numerically. Here in our work, only the simplest Pauli measurements are used. This is quite helpful in the experiments. It would also be of interest to study whether this result could be generalized to generic multipartite states. Previous work on multipartite states are usually realized by constructing tailored Bell inequalities for the target states. The complexity of self-testing multipartite states would decrease significantly if our approach holds. A comprehensive study of these questions remains open for other states and scenarios.
APPENDIX
This appendix provides the details of the relations between Pauli operators and the unknown measurements by Schmidt decomposition.
Rewrite the state |ϕ 0 = 1 √ 3 (|00 + |01 + |10).
So the coefficient matrix is expressed as 
here cos β = 3+ √ 5 6
and sin β = 3− √ 5 6 . Now, consider the relation between operators Z and X with new bases and σ z and σ x for part A,
here tan ω = 2. It is easy to get X A = sin ωσ z − cos ωσ x . This also holds for part C. Similarly, we have 
Charlie is analogue to Alice.
